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Abstract. Fibre Reinforced Concrete (FRC) can be very effective in precast pre-stressed 
high strength concrete structures, since shear reinforcement and passive longitudinal bars 
can be totally replaced by fibre reinforcement. To simulate adequately the fibre 
reinforcement benefits, material constitutive models, able of capturing the crack initiation 
and crack propagation need to be used, under the frame-work of FEM-based analysis. In 
the present work, the use of FRC was explored for the development of innovative 
structural systems for industrial buildings. The connections between structural precast 
elements were also simulated. The numerical simulations are described and the results are 
analyzed and discussed. 
 
 
 
1. INTRODUCTION 
The development of advanced numerical tools able to explore the benefits of high 
performance materials, such is the case of fibre reinforced concrete (FRC), put new 
challenges to the Industry of Civil Construction, specially to the precasting sector, since 
innovative and competitive concrete structures can be developed.  
Due to the relatively high percentage of conventional steel reinforcing bars used in precast 
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concrete structural elements, namely to avoid shear failure occurrences and for the crack 
control, the expenses derived from the management and the placement of these 
reinforcements can have a considerable impact on the final cost of these elements. If these 
reinforcements can be totally or partially replaced by fibre reinforcement, the precasting 
process can be simplified and the construction time decreased, resulting economic 
benefits. Moreover, due to the 3D fibre distribution into the concrete volume and the 
possibility of using fibres of distinct material properties and geometric characteristics (the 
concept of hybrid fibre reinforcement), the effectiveness of fibre reinforcement for the 
shear resistance [1] and for the control of the width of the cracks formed due to thermo-
hygro-mechanical effects [2] can be larger than the one provided by conventional steel 
bars. In the present paper, the use of constitutive models for the simulation of crack 
initiation and crack propagation in FRC, implemented in FEMIX computer program, was 
explored in order to assess the advantages of FRC for the precasting of structural elements 
for industrial buildings. FEMIX computer program [3] is based on the displacement 
method, being a large library of types of finite elements available. In the same framework 
several nonlinear constitutive models may be simultaneously considered, allowing, for 
instance, the combination of reinforced concrete with strengthening components, which 
exhibit distinct nonlinear constitutive laws. 
 
2. DELTA BEAMS 
2.1. Structural concept 
Delta beams, of variable depth and I cross sectional configuration, are currently used as 
the roofing beam of RC frames applied in industrial buildings. In general, the length of 
these beams ranged from 10 to 20 m and the reinforcement is composed by pre-stressed 
cables applied in the bottom flange, shear stirrups, longitudinal skin reinforcement placed 
in the web’s beam, and passive longitudinal reinforcement applied in the top flange. Due 
to the high gradient of stresses in the anchorage zones of the pre-stressed cables, the 
percentage of conventional reinforcement in these zones can be very high, placing some 
difficulties on the concrete casting process. The rational use of FRC can replace the 
stirrups and the passive steel bars, with technical and economic advantages. Furthermore, 
if fibre reinforced self-compacting concrete (FRSCC) is used [4], the concrete durability 
and good looking can be significantly improved, since the high compactness, which is a 
characteristic of self compacting concrete, SCC (high relatively percentage of fines in the 
mix composition), provides extra resistance to the penetration of aggressive environmental 
agents. Figure 1 represents half FRC pre-stressed Delta beam, with circular holes on its 
web in order to decrease its self weight and to serve for the passage of infrastructures like 
cables and pipelines (heating, ventilating and air conditioning equipment). 
Joaquim A. O. Barros, Lúcio A. P. Lourenço, Delfina M. F. Gonçalves and António F. M. Oliveira 
 3
A AB BC C D D
A- A B- B C- C D- D
 
Figure 1. Half FRC pre-stressed Delta beam. 
2.2. Materials  
The Delta beam is built with a FRSCC of properties included in Table 1. The mix 
composition method for the FRSCC is described elsewhere [5]. The fracture parameters of 
the FRSCC were obtained from the research carried out in a previous research program 
[6]. In Table 1 E represents the Young’s Modulus, fck is the characteristic value of the 
FRSCC compressive strength, and fctk,min is the minimum characteristic value of the 
FRSCC direct tensile strength, determined from the recommendation of the CEB-FIP 
Model Code [7]. The remaining variables define the crack opening process, under the 
framework of a smeared crack model implemented into release V4.0 of FEMIX computer 
program [8] (Figure 2). In this Figure 
I
fG  is the mode I fracture energy and lb is the crack 
band width, assumed as equal to the square root of the area of the integration point of the 
finite element, in order to assure mesh objectivity [9]. 
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28 days 39.0 50.0 2.90 4.0 0.05 0.60 0.20 0.20 
Table 1 – Mechanical properties of the adopted FRSCC. 
The material properties for the steel of the pre-stressed cables (sub-index p) and passive 
bars (sub-index s) are included in Table 2. In this table, E is the elasticity modulus, fpuk is 
characteristic value of the tensile strength of the pre-stressed cables and fsyk is the 
characteristic value of the yield stress of the passive steel bars. Steel bars were assumed 
having rigid plastic behaviour after yield initiation. 
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Figure 2 – Stress-strain diagram for modelling the crack opening process. 
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Table 2 – Properties of the steel for the cables and bars. 
2.3. Finite element mesh  
The Delta beam was analysed assuming material nonlinear behaviour due to crack 
initiation and propagation, and yield initiation of steel bars. The beam was assumed as a 
plane stress state problem, having been discretized with the 8 nodes finite element mesh 
represented in Figure 3. A 3×3 Gauss-Legendre integration scheme for the concrete 
elements was assumed, while steel bars were assumed as perfectly bonded to the 
surrounding concrete, with an integration scheme of 3 points for each element. 
 
g1︵ g  ︶
g2
3
 
Figure 3 – Adopted finite element mesh. 
2.4. Load cases and combinations  
For the design of the Delta beam, the load cases indicated in Table 3 were considered. The 
evaluation of these load cases was done according to the actual standards [10, 13]. 
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Permanent loads Live loads 
Self weight of the beam, secondary beams, roof panels and 
connexions 
Imposed 
loads 
Pre-stress Snow 
 Seismic [13] 
Table 3 – Load cases. 
The following three load combinations were considered: 
- Production: the self weight of the beam (SW) and the pre-stress (PS): SW + PS; 
- Service limit states, SLS: the self weight of the beam and permanent infra-structures 
(secondary beams, roof panels and connexions) (PL); the pre-stress (PS); the imposed 
loads (IL): PL + PS + IL; 
- Ultimate limit states, ULS: 1.35 PL + PS + 1.5 IL. 
 
The SFRSCC properties at 24 hours were considered for the analysis of the production 
load combination, while the properties at 28 days were taken for the other two load 
combinations. 
2.5. Results  
2.5.1. Production  
In this phase it is current to assume a 5% lost of pre-stress due to instantaneous 
deformation of concrete. However, since the pre-stress is an unfavourable load case in this 
load combination, it was assumed that loss of pre-stress due to instantaneous concrete 
deformation does not occur. Therefore, a pre-stress of 1395 MPa was considered for the 
prestressed cables. Figure 4 represents the g2 displacement field for this load combination, 
having been obtained a maximum ascendant deflection of 15.6 mm. 
 
 
 
Figure 4 – Displacement field in g3 direction (m). 
The stress fields in g2 and g3 directions (σ2 and σ3, respectively), as well as the shear stress 
field (τ23) are represented in Figure 5. 
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a) Stresses in g2 direction, 2, (kPa) 
 
 
b) Stresses in g3 direction, 3, (kPa) 
 
 
c) Shear stresses, 23 (kPa) 
Figure 5 – Stress fields for the fabrication phase (kPa). 
The crack pattern for this load combination is represented in Figure 6. The occurrence of 
cracks in the contour of the first hole, in spite of being of reduced width, recommends 
placing a ring of steel bars in the perimeter of the holes. 
 
Figure 6 – Crack pattern for the production load combination. 
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2.5.2. Service limit states (SLS) 
For this load combination, the properties indicated in Table 1 for 28 days were considered, 
and it was assumed a lost of pre-stress of 20% due to instantaneous and long term concrete 
deformation. Therefore, a pre-stress of 1167 MPa was taken for the cables. Figure 7 
represents the σ2, σ3 and τ23 stress fields, while Figure 8 depicts the crack pattern predicted 
for the end of this load combination. Cracks are now formed in a zone around the biggest 
hole, which forces the already proposed recommendation of placing a ring of conventional 
steel bars in the perimeter of the holes. 
 
 
 
a) Stresses in g2 direction, 2, (kPa) 
 
 
b) Stresses in g3 direction, 3, (kPa) 
 
 
c) Shear stresses, 23 (kPa) 
Figure 7 – Stress fields for the service limit states (kPa). 
The central deflection versus the vertical reaction in the support is represented in Figure 9. 
The instantaneous deflection is -1.83 mm (downward deflection), which indicates a long 
term deflection of about 5.5 mm (for a predicted creep factor of 3). 
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Figure 8 – Crack pattern for the service limit states. 
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Figure 9 – Central deflection versus vertical reaction in the support for the distinct phases of the load 
combination at service limit states. 
2.5.3. Ultimate limit states (ULS) 
For the analysis of this load combination (1.35 PL + PS + 1.5 IL) a safety factor of 1.25 
for the fck and fctk,min was assumed [14]. The characteristics for the pre-stressed cables were 
those taken for the SLS analysis. The σ2, σ3 and τ23 stress fields are represented in Figure 
10, while Figure 11 depicts the crack pattern at the end of this load combination. As 
occurred in the previous load combinations, in the present one, cracks formed in some 
areas around the holes. However, in the crown of the beam’s web some cracks were 
formed due to the relatively high σ3 tensile stresses, recommending the use of vertical 
steel bars localized in the symmetry axis of the beam, working like an internal tie 
connecting the bottom and the top flanges of the Delta beam. 
2.5.4. Maximum load capacity of the Delta beam 
A live load composed of a monotonically increasing edge load acting on the top chord of 
the Delta beam, in the g3 direction, was added to the load level corresponding to the 
ultimate limit state load combination, in order to estimate the load carrying capacity of 
this beam. Figure 12 shows the relationship between the central deflection and the vertical 
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reaction at the support for the Delta beam. The analysis was interrupted when the central 
deflection exceeded 80 mm. 
 
 
a) Stresses in g2 direction, 2, (kPa) 
 
 
b) Stresses in g3 direction, 3, (kPa) 
 
 
c) Shear stresses, 23 (kPa) 
Figure 10 – Stress fields for the ultimate limit states (kPa). 
Figure 11 – Crack pattern for the ultimate limit states. 
From this graph it is apparent that above the load corresponding to the ultimate limit state, 
the beam entered in a pronounced nonlinear phase, with a formation of a diffuse crack 
pattern in the bottom flange of the beam, in the beam’s web between the thicker cross 
section and the first hole, and in the perimeter of the holes (Figure 13). 
Joaquim A. O. Barros, Lúcio A. P. Lourenço, Delfina M. F. Gonçalves and António F. M. Oliveira 
 10
-100 -80 -60 -40 -20 0 20
0
100
200
300
400
Imposed loads
Self weight of infra-structures
V
er
tic
al
 re
ac
tio
n 
in
 th
e 
su
pp
or
t (
kN
)
Central deflection (mm)
Beam's self weight and pre-stress
 
Figure 12 – Central deflection versus vertical reaction. 
 
 
Figure 13 – Crack pattern for a vertical reaction in the support of 400 kN – (red: crack in opening 
process; green: crack in closing process; blue: cracks in reopening process)  
Table 4 resumes the obtained results. The obtained maximum and code-allowed crack 
openings are indicated in Table 5. The maximum crack opening was estimated multiplying 
the maximum crack strain normal to the crack ( ,max
cr
n ) to the crack band width of the 
integration point where this ,max
cr
n  occurred. From the values of Table 5 it can be concluded 
that, even for the maximum attained load applied to the beam, the maximum crack width 
did not exceed the allowed crack opening limit. 
 
 σ2 (MPa) 
σ3 
(MPa) τ23 
(MPa)  Minimum Maximum Minimum Maximum 
Production -17.10 1.25 -3.52 1.84 -2.99 a 3.33 
SLS -11.83 1.271 -4.16 3.27 -3.53 a 2.57 
ULS -14.30 2.24 -5.73 2.92 -4.06 a 3.32 
Table 4 – Main results (negative values: compression). 
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 Crack opening (mm) 
 Predicted Code-allowed 
Production 0.007 Pre-stressed cables 
w=0.1 mm 
 
Passive reinforcement 
w=0.2 mm 
SLS 0.001 
ELU 0.010 
Table 5 – Crack opening. 
3. BEAM-COLUMN CONNEXION 
The beam-column connexion is assured by threaded steel rods of 25 mm diameter, as 
schematically represented in Figure 14. 
 
A AAA
St eel rods
 
Figure 14 – Connexion mechanism of the Beam-Column. 
In order to assess the influence of this connexion in terms of the maximum tensile stresses 
in the beam of a representative RC frame of an industrial building, the frame was 
simulated numerically with the crack constitutive model used for the analysis of the Delta 
beam. The columns were discretized with 8 nodes quadrilateral finite plane stress state 
elements, and the connecting threaded steel rods were discretized with 2D embedded 
elements (perfectly bond was assumed). A steel plate, placed in between the interior 
contact beam-column, was simulated by a fictitious material of infinite strength in 
compression and null strength in tension in order to allow the transference of compressive 
forces only (Figure 15). The partial beam-column continuity provided by the threaded 
steel rods decreased the maximum tensile stresses in the beam, but cracks were formed in 
the top of the Delta beam in the supporting zone (Figure 16). Therefore, conventional steel 
bars should be applied in these zones to avoid the formation of these cracks. 
 
To avoid the formation of unstable cracks in the crack critical zones the arrangement of 
passive steel reinforcement represented in Figure 17 is recommended for the SFRSCC Delta 
beams. 
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Figure 15 – RC frame (detail of the beam-column connexion). 
 
Figure 16 – Crack pattern (detail of the beam-column connexion). 
4. FIBRE REINFORCEMENT BENEFITS 
To assess the benefits of fibre reinforcement, the previous Delta beam was simulated 
adopting for the concrete the properties indicated in Table 6, which corresponds to a plain 
concrete (PC) of C50/60 strength class. The remaining data was maintained equal to that 
used in the SFRSCC Delta beam. A localized rupture near the larger hole occurred in the 
PC Delta beam, with cracks of 0.5 mm width for a reaction force of 205 kN, which is a 
value less than the one corresponding to the ultimate limit state. Figure 18 represents the 
Threaded steel rods Steel plate 
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deformed mesh and the crack pattern of the mentioned failure zone (the cracks of pink 
colour are completely open, i.e., the fracture energy was already exhausted). Therefore, 
due to the resistance offered by fibres crossing the micro and meso-cracks, a localized 
failure did not occur in SFRSCC Delta beam up to very high deflection level, having been 
formed a diffuse crack pattern with clear benefits in terms of load carrying capacity, 
material durability and structural integrity. 
A AB BC C D D
A- A
Pre-stressed cabl es
Conventi onal rei nforcement
B- B C- C D- D
Conventi onal rei nforcement
 
Conventi onal
Rei nf orce ment +
 
Figure 17 – Recommended reinforcement for the SFRSCC Delta beams 
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Table 6 – Properties of plain concrete (C50/60). 
Figure 18 – Deformed mesh (a) and crack pattern in the critical zone of the pre-stressed PC Delta beam 
(b). (cracks with pink colour: completely open) 
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5. POSSIBLE ENHANCEMENTS 
Due to the distribution of principal stresses in the SFRSCC Delta beam, elliptical holes of 
a variable inclination of its larger axis (Figure 19) provide better structural behaviour than 
circular holes, as Figure 20 shows. 
 
 
Figure 19 – Half beam of pre-stressed SFRSCC Delta beam with elliptical holes. 
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Figure 20 – Central deflection versus vertical reaction of SFRSCC beams with circular and elliptical 
holes. 
6. CONCLUSIONS 
In this paper the use of fibre reinforced concrete (FRC) and advanced numerical models, 
able of simulating the crack initiation and crack propagation in cement based materials, 
were used to explore the possibility of enhancing the structural behaviour of precast 
structural elements for industrial buildings. The study was focalized in pre-stress Delta 
beams, having been demonstrated that fibre reinforcement can almost totally replace 
stirrups and passive longitudinal reinforcement. These types of conventional 
reinforcements need to be used only in critical zones that the study has determined. A 
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connexion between Delta beam and RC columns was studied in order to decrease the 
tensile stresses in the beam and to decrease the buckling length of the column, with 
evident benefits in terms of the costs of the columns. 
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